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Problem 400f is stated, this equation will be found to have a root A == 0, 
that is the absolute term of the equation will be 0; in this case there- 
fore the equation reduces to the third degree. 
By the introduction of the new unknown 

x = Ao -^j^' and putting h = ^=1 

the equation takes the somewhat simpler form 

or (»* — A 2 ) 2 = a 2 (a? — A) 2 + bi{x + A) 2 . 
SOLUTIONS OF PROBLEMS IN NO. 1. 



In this department we will in general publish but one solution to each 
problem proposed, though, in some cases, when the method pursued in 
the solutions is essentially different, two or more solutions of the same 
question will be published. Credit will be given, however, in each num- 
ber to all who shall have furnished correct solutions of the questions 
whose solutions are published in that number. 

Each solution should contain sufficient detail to be comprehended by 
the ordinary reader who is acquainted with the elements of the branches 
employed in the solution. Clearness must not be sacrificed to brevity, 
but, other things being equal, the brevity of a solution will determine its 
selection for publication. 

When several persons furnish essentially the same solution to a ques- 
tion, his name only will be placed at the head of the published solution 
whose notation and phraseology are adopted. 

Persons sending solutions are requested to put the solution of each 
question, together with the name of the writer, on a separate piece of 
paper. 

Solutions have been received as follows: 

R. M. DeFrance solved 1 and 2; Theo. L. DeLand solved 1; Prof. A. 
B. Evans solved 1, 2, 3 and 4; Prof. C. Hornung solved 2; Philip Hoag- 
land solved 2; Henry Heaton solved 1, 2, 3 and 4; Prof. E. W. Hyde 
solved 3; Prof. Knisely solved 1; Miss Esther W. Matthews, (State Nor- 
mal School, Kirksville, Mo.), solved 1; Artemas Martin solved 1, 2, 3 and 
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4; O. D. Oathout solved 2; L. Regan solved 1 and 2; E. B. Seitz solved 
1, 2, 3 and 4; Elias Schneider, A.M., solved 1 and 2; S.W.Salmon solved 
1, 2, 3 and 4; Prof. D. W. Sensenig solved 1, 2 and 4; Walter Siverly 
solved 1, 2, 3 and 4, and John M. Wilt, A. M., solved 1 and 4. 

1. "Find the values of x and y in the following equations: 

a 2 x i + ¥y i = a 2 b 2 (x-\-y) 2 ; (1) 

a 2 tf + b 2 y 2 = a 2 b 2 ." (2) 

SOLUTION BY THEO. L. DE LAND, WASHINGTON, D. C. 

Divide (1) by (2), expand (x-\-yf, clear of fractions, cancel like terms, 
factor, divide by x y, substitute a 2 b 3 for its value, multiply by 2 a b, and 

we have 

„ i 4 a 3 ¥ , ON 

Zabxy=— W ^ (3) 

Both add to, and subtract from (2), eq. (3), and we have 

(ax + byY =aU* + *,--*!• 
v - *' a 2 -\-¥ 

The upper signs give one equation and the lower signs another. 

Hence, x = ± ^^^^(yj^S^2aTb ± i/(a+Sp +2 a bj 

and y = ± ^=p (v (S=6p=2"51 + j (a+^+2^). 

[Prof. Knisely writes that the question he sent (No. 1) is, by mistake 
slightly different from what he intended to present, which, he says, "arises 
from the problem of a tangent to an ellipse, the tangent being intercepted 
between the axes produced, and equal to the sum of the semi-axes." The 
question, as he intended to present it, and his solution are subjoined:] 

"a 2 x 2 + ¥ y 2 = x 2 y 2 (1) 

b 2 f + a 2 x* = a 2 b 2 (x + yf (2) 

SOLUTION. 

T? /i\ 2 a 2 as 2 ax 
1 rom (1) y 2 = -^ r ~, y = _-- — * 

Hence, in (2), 

Dividing by a 2 x 2 , 

x 1 -4- q2 & x 2 _ 12 , 2 a¥ . a 2 V 

"t" {x 2 -¥)' ~ + VW^¥ ~^'«?-W 

x 2 {x 2 —¥f + a 2 b 2 x 2 = (rf-b 2 ) 2 b 2 + 2 a b 2 (y / ^=5 2 ) 3 + (x 2 —¥) a 1 b 1 . 
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a; 6 — 2 x* b 2 + ¥ x 2 + a 2 b 2 x 2 = b 2 x*~2 ¥ x 2 + ¥ + 2 a P ( 1 /^CZ#5)s 

+ «2 52 X 2 _ a 2 fr 

of — Sai i b 2 + Bx 2 b i — b 6 — 2a¥ (/jR?/ + a 2 5* = 0. 

(a? _ J2j3 _2ab 2 {xi — 6 2 )i + a* ** = 0. 

Taking square root, 

l/^Cipy = a J 2 . « 2 = (a 5 2 )f + b 2 . f = (a 2 b)i + a 2 . 

— U. Jesse Kniselt." 



2. "Let a regular polygon of 14 sides be described, each of whose equal 
sides shall be one. Then will the radius of its circumscribing circle, which 
■put=r, be more than two and less than three. Put r—2-\-x; then is x 
a positive quantity less than one. Let another regular polygon of half 
the number of sides (7) be inscribed in a circle whose radius is one, and 
determine one of its equal sides in functions of x expressed in its simplest 
form." 

SOLUTION BY PROF. ASHER B. EVANS, LOOK PORT, N. Y. 

Let A B represent a side of the regular polygon of 14 sides, and the 
center ot its circumscribing circle. Then 



AB = 1 : A = r 



sin -i- n : sin * n 



3 



.A = r 



sin *7r 



ii l = 3 — 4 sin 2 | it 



(1) 



sin f7T 

Since 2 sin | jr is less than 2 sin 30°, that is, less than unity, 4 sin 2 \ n 
is positive and less than unity, and equation (1) gives r > 2 and < 3. 

If r—2 + x, x=l — 4 sin 2 \ it, or 2 sin 1 7r = ■)/!_#. But 2 sin | jt 
is the expression for a side of a regular polygon of 7 sides the radius of 
the circumscribing circle being unity; therefore the required function 
of x is |/l_aj. 



3. "If a line make an angle of 40° with a fixed plane, and a plane 
embracing this line be perpendicular to the fixed plane, how many de- 
grees from its first position must the plane embracing the line revolve 
in order that it may make an angle of 45° with the fixed plane?" 

SOLUTION BY PROF. E. W. HYDE, CHESTER, PA. 

Let b = angle between 
line and plane; G= angle 
through which plane 
through line must revolve, 
and B = angle plane makes 
with fixed plane; then we 
have at once, by Napier's 
formulas, 

cos B = cos b sin O', 

. n COS B 

. • . sin 6 = r-, 

cos 

and if b = 40° and B = 45°, 
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Bin C — 



cos 45° 



cob 40° iTTcoliO 3 ' 
. • . G= 67° 22' 40". 

[A 11 the solutions of No. 3 which have been received, except Mr. Sal- 
mon's, are analogous to the above.] 

SOLUTION BT 8. W. SALMON, MOUNT OLIVE, N. J. 

Take the fixed plane as the horizontal plane of projection (27). Let 
the given line G A make an angle d with 27, and take the vertical plane 
through this line as 
the vertical plane f 
projection ( K). Let 
O be the point in 
which C A pierces 
11. Let y be the 
angle through which 
the vertical plane 
through C A lias to 
revolve in order to 
make an angle tp 
with 27, and let 8 be 
the angle which the horizontal trace of this plan makes with the ground 
line. Draw C F perpendicular to 27, and let it be the axis of a cone with 
a circular right section whose vertex is G and whose elements make an 
angle <p with 27! Through CA pass a plane tangent to this cone; the 
tangent plane will then make an angle <p with 27"; O A is the vertical 
trace of this plane. In order to find the horizontal trace pass a plane par- 
allel to H through A; it cuts a circle from the cone and a line from the 
plane tangent to the circle. E D is the horizontal projection of this line, 
and C G, drawn parallel to E D, is the horizontal trace of the plane. 
Through A pass a plane perpendicular to G A, A If is its vertical and 
G If its horizontal trace; it cuts a line from the plane G G A, the position 
of which when revolved around G H into the horizontal plane is G K t 
The angle G KR= j- 

ZM=AD=GI>tangd 

j r /i n c LM CD tang 6 n n ■ a 

and L V = C E — ; = £_ = CD sin 8, 

tang f '-•'"" ■'■ 




tang ip 

whence 8 = sin -1 — s_; 
tang f 

GH C H tang 8 . \ 

tan ^ = 7tx = -inrM = tang 



(sin-i !55l4) 

A tang^/. 



sin 
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y = tang -1 



6 V tang dj) 



8in o 
When 8 = 40° and f = 45, r = 67° 22' 41". 

[This question admits of still another solution, as follows: In the figure 
to Prof. Hyde's solution, above, draw C D perpendicular to A X and 
D E perpendicular to B X. Then, because the < G E D = 45°, 3 E 
= GD. . • . (if GX= 1) OE= |/Tsin 40°, and EX=Vl— 2 sin* 40°. 
Make FX— E X; then is F G = tan 40° i/l_2 sin 2 !^ Join .S £ 
and B F. Then is B G Fa right angbled triangle, right angle at G, 
and B F— G E. .'.we have ^ i'" : i^ 7 6? : : radius : cos of the requirad 
angle, or, yTsin 40° : tan 40° yT^2W 2 ~40 5 :: 1 : cos G FB = 67° 
22' 41", very nearly.] 



4. "A cask containing a gallons of wine stands on another containing 
a gallons of water; they are connected by a pipe, through which, when 
open, the wine can escape into the lower cask at the rate of c gallons per 
minute, and through a pipe in the lower cask the mixture can escape at 
the same rate; also, water can be let in through a pipe on the top of the 
upper cask at a like rate. If all the pipes be opened at the same instant, 
how much wine will be in the lower cask at the end of t minutes, suppos- 
ing the fluids to mingle perfectly?" 

SOLUTION BY S. W. SALMON, MOUNT OLIVE, N, J. 

Let Q be the quantity of wine in the lower cask at the end of t min- 
utes; and let Q v Q 2 , Q 3 ■ ■ ■ ■ Q„ be the quantity at the end of the 1st 
2d, 3d ... . nth instants, q, the quantity of the mixture that escapes in an 
instant, and n, the number of instants in a minute, then is n q = o, 

Qi =q = q(l-<L)\ Q 2 = 2q(l-±), 

Q* = 3q(l-<L) 2 ....Q n =nq(l~±) n -\ 

...Q=tn q (l-±y-\ 
Taking the Napierian logarithm of both members of this equation, 
log Q = t n logf 1 2- j + log c t 
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= log c t + t n(— -£- — J^ — -#i- — &c.V 



Neglecting powers of infinitesimals, we have 



'-($ 



t n q _ c t 
Q) a a' 






Q = ct e 



where e denotes the base of the Napierian system of logarithms. 

[This question was solved by Prof. Evans in an elegant manner by the 
method of finite differences, and in nearly the same manner as the 
above by Prof. Sensenig. All the other solutions were by application of 
the differential and integral calculus.] 



Qdrry —Can a demonstration be given of the following formula for 
primes? 

X = g .; 

J. log SB i?' 

in which N denotes the number of prime numbers contained in any num- 
ber x, and A and B are constants. — Communicated by Prof. Edward 
Brooks. 

Note on Sun Spots.— One might easily gather from reading astro- 
nomical works, that solar spots are rarely visible to the naked eye; that 
is, without the use of a telescope; but such is not the case. Let any one 
who feels an interest in the subject, prepare a suitable smoked glass, and 
examine the sun's disk daily, or as often as the clouds will permit, and he 
will find that solar spots can frequently be seen without a telescope. If 
it were worth the space to record the observations, I could give numerous 
instances when I saw spots without a telescope, and I have occasionally 
seen two at a time. 

Since the sun's spots return periodically once in about eleven years ; 
that is, from the minimum average number they gradually increase in 
number and area till the maximum is reached in about five and a half 
years, when the number gradually decreases; large spots are more likely 
to be seen about the time of the maximum number. 

To discover a solar spot without a telescope, keep the eye directed atten- 



